Abstract. In a previous paper, the authors showed the advantages of building a Z 2 -action into an F -theory model W 4 /B 3 , namely the action of complex conjugation on the complex algebraic group with compact real form E 8 . The goal of this paper is to construct the Fano threefold B 3 directly from the roots of SU (5) in such a way that the action of complex conjugation is exactly the desired Z 2 -action and the quotient of this action on W 4 /B 3 and its Heterotic dual have the phenomenologically correct invariants.
Introduction
A particular challenge in Heterotic F -theory duality arises when one wishes to transfer a Z 2 -action W 4 /B 3 Z 2 on an elliptically fibered Calabi-Yau fourfold that becomes the F -theory dual. We have proposed a framework for such a duality in [4] . with a j , z,
B3 . We will require that W 4 /B 3 be defined subject to the condition (1.4) a 5 + a 4 + a 3 + a 2 + a 0 = 0.
The condition is equivalent to the condition that W 4 /B 3 have a second section τ given by x = wz 2 y = wz 3 .
Incorporating translation by the difference of τ and the standard section ζ given by x = 0 w = 0 into the Z 2 -action will eventually allow us to eliminate vector-like exotics in a final paper of this series.
Furthermore B 3 is a P 1 -fiber bundle over B 2 on which Z 2 must act equivariantly. One desires such a configuration in order to employ the Wilson line mechanism for symmetry-breaking consistently and simultaneously on both the Heterotic model and its F -theory dual.
The Z 2 -action on a V 3 must be free. Furthermore on the F -theory side the Z 2 -action must restrict to a free Z 2 -action on a distinguished smooth anti-canonical divisor S GUT ⊆ B 3 . Therefore it must act skew-symmetrically on the anti-canonical section z defining S GUT . In [4] we showed that, while x and w are symmetric with respect to the Z 2 -action on (1.3), y, z, and all the a j have to be skew-symmetric.
The Heterotic Z 2 -action must preserve the initial E 8 -symmetry and so the Ftheory Z 2 -action must preserve initial E 8 -symmetry as well. In short, the challenge is to begin with E 8 -symmetry on both the Heterotic and F -theory sides and, for successive subgroups G R ≤ E 8 , to match breaking to G R -symmetry on the Heterotic side with simultaneous breaking to G R -symmetry on the F -theory side throughout, ending with symmetry-breaking to G R = SU (3) × SU (2) × U (1), the so-called Minimal Supersymmetric Standard Model [MSSM] .
As we showed in [4] , the necessity that Z 2 must act as dx y → − dx y on the relative one-form of the elliptic fibration W 4 /B 3 implies that it must incorporate the central involution
on the Cartan subalgebra of the complex algebraic group E C 8 at the outset without breaking initial E 8 -symmetry on the quotients (1.1) and (1.2) .
To achieve this, in [4] we proposed the method of replacing all roots ρ with −ρ via the operation of complex conjugation on the complex algebraic group E C 8 and all relevant subgroups G C , an operation that restricts to the identity on all compact real forms G R . Since all the compact real forms have faithful real matrix representations, this complex conjugation operator will not affect G R -symmetry and will commute with the various symmetry-breaking steps.
The purpose of this paper is to build the appropriate base space B 3 of the elliptically fibered F -theory model W 4 /B 3 in such a way that the Z 2 -action on B 3 is exactly that induced by the complex conjugation operator on the complex algebraic group SL (5; C). Therefore it will fix the compact real form SU (5) so that the requisite Wilson line can be wrapped simultaneously on the Z 2 -actions on the Heterotic and F -theory sides.
1.1. Building B 3 from the action of the Weyl group of SU (5) on its complexified Cartan subalgebra. In fact we will build B 3 as a quotient of the resolution of the projectivization of the graph of (exp (2πi·α) → exp (2πi· (−α))) on the maximal torus exp h SL(5;C)
by an action of a subgroup of the Weyl group W (SL (5; C)). This will allow the Z 2 -action on B 3 to automatically commute with the action of complex conjugation.
In later sections we will show that B 3 as constructed will have the correct numerical characteristics so that the F -theory model (1.2) will have the desired properties (3-generation, correct chiral invariants, no vector-like exotics, etc.). The application to the production of the final phenomenologically consistent F -theory/Heterotic duality will be the subject of a forthcoming third and final paper in this sequence. Remark 1. Throughout this paper, we will let 
The spectral divisor
The role of the Tate form (1.3) is to break E 8 -symmetry to that of the first summand of its maximal sub-group
The crepant resolutionW 4 /B 3 of W 4 /B 3 will have I 5 -type fibers over generic points of S GUT := {z = 0} ⊆ B 3 .
The I 5 -fibration over S GUT carries the SU (5) gauge -symmetry. SU (5) Higgs -symmetry is broken on a five-sheeted branched covering of B 3 given by the lift of (2.1)
to a divisorC Higgs ⊆W 4 . Its symmetry is broken by assigning non-trivial eigenvalues to the fundamental representation SU (5) Higgs using the spectral construction with respect to the push-forward to B 3 of a line bundle L Higgs oñ C Higgs . We see this as follows.
In parallel to the construction for SU (5) gauge in [4] , we imbed
in such a way that the image of
) is a family of rational double-point surface singularities. The above diagram allows the Casimir operators c j to operate on the fundamental representation of SU (5) Higgs with eigenvalues that are tracked via a spectral construction [8, 7] .
The Tate form (1.3) then records the above geometrically in W 4 /B 3 by considering it as a hypersurface in
with fiber coordinate [w, x, y]. We form
with the fiber coordinate [w, t, x, y]. The natural projection (2.2)P P with center P (O B3 (N )) is defined except along the section where x = y = w = 0. P contains the smooth five-dimensional incidence hypersurface Y given by the equation x y w t = 0, thereby forming a smooth quadric hypersurface over B 3 with distinguished section given by x = y = w = 0. So the restriction of (2.2) to Y is defined except along the section where it spreads the exceptional locus over the linear locus {x = 0} in P . The result is a birational morphism Y → P that maps the exceptional locus over the section isomorphically onto {x = 0} ⊆ P and blows down the linear loci {x = y = 0} ⊆ Y and {x = w = 0} ⊆ Y . Ignoring what happens over {w = 0}, that is, setting w = 1 and using t as the affine fiber we obtain the equation 
by forming the incidence fivefold
with exceptional locus P [t,z] × S GUT . The proper transformŴ 4 of W 4 intersects this exceptional locus in the hypersurface
given by the equation
3.1. The del Pezzo B 2 . To achieve a Fano B 3 = B 2 × P 1 necessary for the F -theory dual, B 2 must be a del Pezzo surface. By Castelnuovo's Rationality Theorem, the Z 2 -action on B 2 , that we call β 2 , cannot be free. On the other hand, β 2 must have at most finite fixpoint set since otherwise the Z 2 -action β 3 on B 3 cannot act freely on the ample anti-canonical section S GUT ⊆ B 3 , a necessary condition for an F -theory model with Wilson-line symmetry breaking. Now by Table 6 and Figure 10 in [1] , there is one and only one sequence of del Pezzo surfaces with involution having finite fixpoint set. These are the four entries in Table 6 that have no entry in either the Σ column nor in the R column. The sequence is represented in Figure 10 by the left vertical column that begins with P 1 × P 1 and proceeds by blowing up three additional pairs of points to obtain the phenomenologically desirable B 7 = D 2 , the standard mathematical notation for the family of del Pezzo surfaces whose anti-canonical divisor has self-intersection 2. We therefore select as the base space B 2 for our Heterotic theory a very special choice from the family of del Pezzo D 2 's. B 2 will be a double cover of P 2 branched along a specially chosen smooth quartic curve with
(Notice that the anti-canonical linear system on B 3 is very ample although the anti-canonical linear system on B 2 is only ample and basepoint-free.) 
in the variables (x, y, z) parametrized by the 'free' variables (c 2 , c 3 , c 4 , c 5 ) that we interpret as a family V gauge of rational double-point surface singularities.
Next by interpreting the c j as the SU (5) Casimir generators, we pull the family V gauge back to h SL(5;C) gauge by the map
where we were able to interpret it as a family of weighted homogeneous polynomials of weight 30 that is therefore also obtained via pull-back from a map to the semiuniversal deformation of
Next defining
for general complex constants κ j , we obtained morphisms
and W
Further we showed that ι induces equivariant involutions
on (3.1). This allowed us in [4] to interpret the equivariant crepant resolution of (3.1) over h SL(5;C) as induced by the Brieskorn-Grothendieck equivariant crepant resolution [3, 12] of the semi-universal deformation of (3.2) and thereby track roots and the action
of complex conjugation.
3.3. Notation distinguishing Weyl chambers. We will have a single Tate form defining our F -theory model W 4 but initially we will have two desingularizations that we will denote asẆ 4 /Ḃ 3 or the 'blue' desingularization and asẄ 4 /B 3 or the 'red' desingularization, depending on whether we consider a given Weyl chamber of SU (5) or its negative as the 'positive' Weyl chamber.Ḃ 3 will be related toB 3 by a Cremona transformation representing the passage of each root to its negative. Indeed it is the resolution of the graph of that transformation that will be our ultimate B 3 and the quotient under its induced involution that will be our ultimate B 
S 4 ⊆ W (SU (5))
Our strategy is now to in order to identify a group G ≤ W (SU (5)) such that
gives rise to a phenomenologically correct F -theory model. 
One immediately checks that the permutation of the axes e j given by the product of transpositions (e 0 e 4 ) (e 1 e 3 ) acts as
and so is the composition of −I 4 with the unique symmetry of the A 4 -Dynkin diagram.Therefore it is the unique longest element of W (SU (5)). This symmetry fixes exactly one of the five axes, namely the axis e 2 , and therefore lies the permutation subgroup S 4 = P erm {e 0 , e 1 , e 3 , e 4 } ֒→ S 5 = P erm {e 0 , e 1 , e 2 , e 3 , e 4 } = W (SU (5)) via the identification of the axis e j of the fundamental represention of SU (5) with the root e j − e 2 . We use this fact to construct a root basis for h C SU (5) that is convenient for a toric construction of our 'new' B 3 .
We next project the root space along the e 2 -axis to obtain the vertices of a 3-dimensional cube. Thus we place e 2 at (0, 0, 0), the center of the cube below (that we will denote as CUBE) whose eight vertices are (±1, ±1, ±1). The elements {e 0 , e 1 , e 3 , e 4 } can be identified with the vertices of the blue tetrahedron inscribed in CUBE as follows:
(1, 1, −1)
(−1, 1, 1) That is, {e 0 , e 4 } are the two 'top' blue vertices and {e 1 , e 3 } are the two 'bottom' blue vertices and their negatives are the four vertices of the red tetrahedron.
4.2.
The Weyl group of SU (5) and the Cremona involution as symmetries of the cube. The group of orientation-preserving symmetries of CUBE (or equivalently the orientation-preserving symmetries of the inscribed green octohedron) maps isomorphically to the permutation group of axes ±e j , that is,
For example, (e 0 e 4 ) (e 1 e 3 ) is the rotation of CUBE around the vertical axis through an angle of π. It gives the above longest element of W (SU (5)). Rotation of the cube around the diagonal axis through (1, 1, 1) through an angle of 2π/3 is the cyclic permutation (e 0 e 1 e 4 ). A rotation with axis spanned by the midpoints of a pair of opposite edges only flips the pair of axes given by the endpoints of the edges. We will be especially interested in the commutator subgroup of (e 0 e 4 ) (e 1 e 3 ) in S 4 . Notice that this subgroup contains the Z 4 -group generated by the cyclic permutation (e 0 e 1 e 4 e 3 ).
Finally A 4 ⊆ S 4 is the subgroup of orientation-preserving symmetries of the cube that preserve the blue tetrahedron and therefore also preserve the red tetrahedron, so that the quotient S 4 /A 4 interchanges the two. The full symmetry group of CUBE is then generated by adjoining the central, orientation-reversing element given by reflection through the origin that we denote as C. It is the involution induced by C given by (e i − e 2 ↔ e 2 − e i ) i=0,1,3,4 on W 4 /B 3 that will the yield the quotient F -theory model W ∨ 4 /B ∨ 3 with a Z 2 -action and it is the Z 4 -group generated by the cyclic permutation (e 0 e 1 e 4 e 3 ) that will induce a Z 4 R symmetry on W (5)), however C commutes with all the elements of S 4 ≤ W (SU (5)). Remark 2. As is standard in the literature, we have used the letter z to denote the form whose vanishing defines the anti-canonical divisor S GUT ⊆ B 3 . In several places below, we will abuse notation by also using each of the letters x, y, z, w to denote one of the homogeneous coordinates [x, y, z, w] of the P 3 = P h C A4 where h A4 denotes the Cartan subalgebra of SU (5). We trust that the intended meaning of x, y, z, w in each instance will be clear from the context. Then we can make the identification (5.2) log x = e 0 − e 2 log y = e 1 − e 2 log w = e 3 − e 2 log z = e 4 − e 2 . giving a basis for the A 4 root lattice. The distinguished Weyl chamber (4.1) is given by the system of positive simple roots (5.3) α 1 = e 1 − e 0 = log (y/x) α 2 = e 2 − e 1 = log (1/y) α 3 = e 3 − e 2 = log w α 4 = e 4 − e 3 = log (z/w) .
(Notice that the set (5.2) of roots is not a set of simple roots for a single Weyl chamber, however it does span the root lattice.) We obtain 24 of the 120 Weyl chambers by the 24 permutations of {x, y, z, w} in (5.3). The longest element of the Weyl group is then given by
Passing from roots to their negatives corresponds to the Cremona transformation
that in turn corresponds to the orientation-reversing symmetry of CUBE given by reflection through the origin.
5.2.
Tracking symmetry-breaking within the Cartan subalgebra of E C 8 . As mentioned above, the Tate form tracks symmetry breaking to
As we have seen in [4] symmetry-breaking must be compatible with the threedimensional commutative diagram (5.5)
where the top row of (5.5) is mapped to the bottom row by the isomorphism ι given by complex conjugation where ι induces the involutions Our strategy will be to build B 3 and its symmetries out of roots of SU (5) and W (SU (5)) acting diagonally on the left-hand sum in (5. The edges e x , e y , e z , e w of the fan are identified with the four divisors on P 3 given by the vanishing of the respective variables.
We have two such toric presentations of P 3 in CUBE, one given by the blue tetrahedron that we will denote asṖ
and the other given by the red tetrahedron that we will denote as
Both toric representations are given with respect to the same toric lattice N ∧ , the one generated by either the red four or the blue four vertices of CUBE. P [ẋ,ẏ,ż,ẇ] has toric fan given by the vertices of the blue tetrahedron and P [ẍ,ÿ,z,ẅ] has toric fan given by the vertices of the red tetrahedron.
This allows us to use CUBE to torically represent the resolution of the graph of the Cremona transformation (5.4). Namely the graph of the Cremona transformation is given by the relations 
We define
:ẋẍ =ẏÿ =żz =ẇẅ = 1 as simply the closure of the graph of the Cremona transformation. B ∧ 3 is a toric manifold with respect to the same toric lattice N ∧ . The polyhedral fan has vertices at the eight vertices of CUBE together with the six additional points (±2,0,0), (0, ±2,0), and (0, 0, ±2). These fourteen vertices correspond to the fourteen toroidal divisors whose sum is the anticanonical divisor of B The Cremona involution is given toroidally by the reflection C of CUBE through the origin.
To further describe the toroidal divisors, we denote the red vertices of the fan as eẋÿzẅ, eẏẍzẅ, eżẍÿẅ, eẇẍÿz and the blue vertices as eẋẏżẅ, eẋẏẇz, eẋżẇÿ, eẏżẇẍ. Set eẋżÿẅ the vertex above CUBE that lies on the ray through the origin that bisects the segment joining eẋÿzẅ and eżẍÿẅ. This same ray bisects the segment joining eẋẏżẅ and eẋżẇÿ. This choice will force the top vertices of the cube to be eẋÿzẅ, eẋẏżẅ, eżẍÿẅ, eẋżẇÿ. Passing from roots to their negatives corresponds to the orientation-reversing symmetry of the above cube given by reflection through the origin. The reflection also interchanges the blue tetrahedron with the red one. In fact, the full subgroup S 4 ⊆ W (SU (5)) of symmetries of CUBE acts the set of decorated monomials, dividing them into sets with an even number of blue variables and sets with an odd number of blue variables. The toroidal divisors are just the restriction to B Eẋÿzẅ := {ẋ = 0} × {ÿ =z =ẅ = 0} ⊆Ṗ ×P Eẋżÿẅ := {ẋ =ż = 0} × {ÿ =ẅ = 0} ⊆Ṗ ×P Eẏżẇẍ := {ẏ =ż =ẇ = 0} × {ẍ = 0} ⊆Ṗ ×P etc., where of course E · is the divisor given in toric notation by e · . For example, the toric dictionary gives Eẋÿzẅ ↔ eẋÿzẅ. Eẋẏżẅ ∩ Eẋẏzẅ = {ẋ =ẏ =ż =z = 0} .
There are exactly 24 = 2·4! 2 such intersections, 12 projecting to a vertex inṖ and an edge inP and 12 projecting to a vertexP and an edge inṖ. The divisors of type (3, 1) are the four vertex rays in N ∧ R in the original toric description of P 3 , those of type (1, 3) are the rays through the barycenters of the cones and those of type (2, 2) are the rays through the barycenters of the faces.
The anti-canonical bundle of B 
Toric quotients of B
inducing a toric quotient of B Now the six red-blue-green crossing points generate N Z . The green octohedron with vertices at the six red-blue-green crossing points is the toric representation of
where
xw . The toric P u,v is invariant under the the action ((e 0 e 4 ) (e 1 e 3 )) of the longest element of W (SU (5)), namely the toric involution given by
We will distinguish the 'vertical' P 1 = P [u0,v0] . Thus {u 0 = 0} will correspond to the 'top' of the cube and {v 0 = 0} will correspond to the 'bottom.' Our distinguished 'vertical' P [u0,v0] in CUBE is the one spanned by fẋżÿẅ := 1 2 ·eẋżÿẅ and fẏẇẍz = −fẋżÿẅ.
that is, this P 1 is the one corresponding to the partition ({x, z} , {y, w}) of {x, y, z, w}. Analogously we have P [u1,v1] corresponding to the fan vertices fẋẏzẅ and fżẇẍÿ = −fẋẏzẅ, and finally P [u2,v2] corresponding to the fan fẋẇÿz and fẏżẍẅ = −fẋẇÿz.
The following Lemma then follows immediately from the toroidal picture together with the fact that the Cremona involution on B ∧ 3 reverses the decorations on the xyzw-monomials, whereas the action of S 4 permutes the variables x, y, z, w.
Lemma 3. i) The involution
ii) The action of the involution ((e 0 e 4 ) (e 1 e 3 )) on P u,v is given by
for j = 1, 2 while leaving P [u0,v0] invariant.
iii) The action of the element (e 0 e 1 e 4 e 3 ) on P u,v is given by
Thus for (5.11) T B2 := (e 0 e 1 e 4 e 3 ) : P u,v → P u,v on P u,v we can consider C u,v as the composition of the involution T 2 B2 with the involution
B 2 , B 3 and their symmetries
The toroidal blow-up of P u,v at the eight points of
cannot be chosen for B 3 since its anti-canonical line bundle is far from ample. In fact it is given by sections of O Pu,v (2, 2, 2) that vanish to second order at the eight vertices {u 0 v 0 = u 1 v 1 = u 2 v 2 = 0} and therefore also vanish to first order along all the edges of CUBE. So its anti-canonical linear system will not be basepoint-free which will be necessary for our geometric model. Furthermore it has
On the other hand K
−1
Pu,v is ample with
In our application to W 4 /B 3 we will need the linear system K −1 B3 basepoint-free and, in particular, for three-generation we will need
To achieve (6.1), we will modify
Since each blown up point on B 2 reduces K
−1 B3
3 by six, we will need to blow up P B2 at six points. Furthermore, in order that the F -theory model incorporate an eventual Z 4 -action that becomes asymptotically a Z 4 R-symmetry, the six points will have to comprise the union of two orbits of the Z 4 -action. One of these can in principle be a generic orbit but the other must be the two-point orbit
We let D 6 denote the blow-up of P B2 at the two points of (6.2). But P B2 blown up at one point equals P 2 blown up at two points. Thus D 6 is isomorphic to P 2 blown up at three points. Since D r for r < 6 is no longer toric, we will have to leave the family of toric varieties in order to achieve a smooth Fano threefold with the correct numerical invariants. First notice that the map
is a biregular map from P 12 blown up at (6.2) points to P [a,b,c] blown up at the three points where two of the coordinates vanish. By Lemma 3 T 2 B2 is given by the involution
6.1. Four additional blow-ups and Z 4 -symmetry. Since D 6 is defined by P [a,b,c] blown up at the three points where two of the coordinates vanish, the anticanonical sections for D 6 are the freely generated 7 monomials that are not the cube of a single variable. For the push-forward
(ε 12 ) one has the splitting
with T B2 descending to an involution on each summand. Sections of the first summand are freely generated by generated by these four sections is basepoint-free with T B2 -eigensections
with eigenvalue +i and
Via fibered product this modification induces the blow-up of D 6 at four points producing the desired D 2 . Furthermore with respect to the direct-sum decomposition
the first summand a single section n −1 coming from the two-dimensional T B2 -eigenpace with eigenvalue −1. The second summand will be spanned by one of the T B2 -eigenvectors m +i with eigenvalue +i and one of the T B2 -eigenvectors m −i with eigenvalue −i. The morphism
is two-sheeted branched along a smooth quartic curve. We first show by specialization that blowing up D 6 at the four points of a generic orbit of T B2 yields a del Pezzo D 2 , namely we choose the orbit (6.7)
[±i, ±i, 1]
that also vanish at the four points (6.7). This D 2 is a double cover
ramified along the curve with equation 
Computing partials are parallel to the a c -axis and so pass through three of the blown-up points. However these parallelisms are destroyed by the generic deformation described above so that the branch curve R in P [n0,m1,m2] becomes a smooth quartic curve.
Then n 0 is T B2 -anti-invariant and so we rename it as n −1 while
yielding T B2 -eigenvectors m ∓i := m 1 ±im 2 with eigenvalues ∓i. Since the only (−1)-curves on D 2 are inverse images of bitangents to the plane quartic R, each of the seven of the blown-up points on P 2 as well as lines between them and conics through five of them must lie over one of the 28 bitangents. We choose this 'generic' D 2 as B 2 and
Finally we define the generator T u,v of the Z 4 -symmetry on B 3 that will eventually be incorporated into the F -theory model. Namely
Notice that
.
B3 is ample and the linear system K −1
B3 is basepoint-free. Also
ii) The quotient
. Now use the Künneth formula.
ii) The Z 4 -action on B 3 is the action T u,v as constructed above. Since C u,v and T B2 commute and T 2 u,v = C u,v , the action descends to a faithful Z 2 -action on the C u,v -quotient B 
and, referring to (5.11) and (6.9), we have the following tables of eigenvectors and values for actions on anti-canonical forms on B 3 : Table 1 : Table 2 :
(ε u,v ) are both basepoint-free.
Proof. By direct computation using Lemma 4 and Tables 1 and 2 just above.
6.2.1. Requirements for the Tate from. The Tate form of our eventual F -theory model W 4 /B 3 is written as
We choose the a j and z in the space generated by the forms in Table 2 and require only that a 5 vanish on
This last requirement is so that the image of the spectral divisor
in the crepant resolutionW 4 /B 3 contain the surface
This will allow us to define a Higgs line bundle with the correct numerical invariants. More precisely the difference of the two components (6.12)
is a non-trivial divisor F + − F − in the spectral variety D (4) that pushes forward to zero on B 3 . Since t = y x Table 2 also describes the action of T u,v on the spectral divisor D in (6.11) since t has T u,v -eigenvalue −i. Furthermore T u,v acts trivially on F + and F − .
To prevent the existence of vector-like exotics in our F -theory model, we have required (6.13) a 5 + a 4 + a 3 + a 2 + a 0 = 0 so that the section of P/B 3 given by (6.14) x = z 2 w y = z 3 w lies in W 4 . Furthermore this additional assumption forces the spectral divisor D given by (6.11) to become reducible, with one component given by t = z, and the other component of degree 4. More precisely
where a 54 = a 5 + a 4 and a 20 = a 2 + a 0 , etc.
The Higgs curve Σ is derived from the surface in D (4) defined by common solutions to the T u,v -equivariant system of equations (6.15)
It doubly covers the surface in B 3 defined by the resultant equation that, using a 54320 = 0, reduces to is given by the common solutions to
The other matter curve Σ
10 is given by a 5 = z = 0.
6.3. Numerology of divisors on S GUT . For the purposes of obtaining phenomenologically consistent numerical data, we utilize the B ∧ 3 -divisors E · in (5.9) and their corresponding rays e · in the lattice N ∧ . We let the ray f · denote the same ray in the lattice N and denote the corresponding divisor as F · . Recalling that the fan used in the construction of B 3 contains the ray generated by f + := eẋẏżẅ + eẋżẇÿ 2 as well as its negative f − = −f + corresponding to the divisors
Next notice that the intersections F + ∩ S GUT and F − ∩ S GUT are mutually disjoint rational curves. Furthermore (6.1) implies that the genus of Z := N ·S GUT is 7, and from the description of the geometry of B 3 as blow-up of P u,v we have (6.17)
where, as above ,we denote K Table 2 above, we initially choose
This restriction guarantees the containment of the surfaces
in the spectral divisor (6.11).
To understand the use of these surfaces, one must consider the image
of the spectral divisor D in the canonical crepant resolutionW 4 constructed above. S GUT ⊆ B 3 has canonical lifting
by means of which the Higgs line bundle is pushed forward to a line bundle on the divisor C Higgs . The push-forward of F + intersectsS GUT in a smooth rational curve of self-intersection −2 and push-forward of F − intersectsS GUT in a smooth rational curve of self-intersection −2 and these two divisors are disjoint onS GUT and so their difference induces a non-trivial line bundle on S GUT that has degree zero with respect to the restriction of K −1
B3
. We denote the push-forward of this line bundle to S GUT ⊆ B 3 will be denoted as
The push-forward to S GUT ⊆ B 3 of the restriction of the Higgs line bundle L Higgs toS GUT will then become
for appropriate m where N is the anti-canonical divisor of B 3 (again restricted to S GUT ). This twisting of the restriction of K −1 B3 by this degree-zero line bundle is exactly the modification that removes first cohomology of L Higgs on the matter curves and, by a classical theorem in the theory of Prym varieties, drops the number of Higgs doublets to one. Also in our eventual F -theory model, S GUT = {z = 0} will be linearly equivalent to N , matter curves will have divisor class Z := S GUT ·N and the Higgs curve Z 2 on S GUT will have class 2Z.
Then the cohomology sequence for the short exact sequence
shows that the forms in the left-hand column of Tables 1 and 2 above together form a basis for
The cohomology sequence for the short exact sequence
For any smooth curve Z n linearly equivalent to nZ , the cohomology sequence associated to the short exact sequence P + and P − have no proper sub-tori. Therefore by Lemma 6 the set (7.2) is Zariskidense in P + ∪ P − . Continuing to follow [10] and in particular the restatement of results in §6 of [11] we conclude that there exist m such that In fact we conclude the following. On one of the summands, T u,v will act with eigenvalue +i yielding that eigenvalue on both its H 0 and its H 1 each of which will have rank one as indicated by 'fermion' in Table 3 below. 8. Asymptotic Z 4 R-symmetry 8.1. Asymptotic Z 4 R-symmetry. We next examine an 'asymptotic' Z 4 Rsymmetry for these constructions. In the F -theory models we are proposing, the semi-stable degeneration Table 2 and the action of T u,v on [w, x, y] is as indicated in Table 2 . We can achieve a Z 4 R-symmetry in the limiting W 4,0 by additionally requiring that the a j,0 be linear combinations of forms from Table 2 
